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Abstract. We study complexes of finite complete intersection dimension in 
the derived category of a local ring. Given such a complex, we prove that the 
thick subcategory it generates contains complexes of all possible complexities. 
In particular, we show that such a complex is virtually small, answering a 
question raised by Dwyer, Greenlees and Iyengar. 

1. Introduction 

In [DGI| ■ the authors raised the question whether every nonzero homologically 
finite complex of finite complete intersection dimension over a local ring is virtually 
small. In other words, given such a ring A and such a complex M G D{A), is the 
intersection 

thick^(^)(A/) n thickc(^)(A) 

nonzero? We give an affirmative answer to this question, by showing that the 
thick subcategory generated by M contains a nonzero complex of complexity zero. 
In fact, we show that if the complexity of M is c, then thick£)(^) (M) contains a 
nonzero complex of complexity t for every < t < c. The homologically finite com- 
plexes of complexity zero are precisely the complexes of finite projective dimension. 
Moreover, a homologically finite complex belongs to thick£)(^') (A) if and only if its 
projective dimension is finite. Thus, the results mentioned indeed settle the above 
question. 

2. Notation and terminology 

Let {A, m, k) be a local (meaning commutative Noethcrian local) ring, and denote 
by D{A) the derived category of (not necessarily finitely generated) A-modulcs. A 
complex 

M: > Mn+i M„ ^ Mn-i 

in D{A) is bounded below if M„ = for n <^ 0, and bounded above if Af„ — for 
n ^ 0. The complex is bounded if it is both bounded below and bounded above, 
and finite if it is bounded and degreewise finitely generated. The homology of M, 
denoted H(M), is the complex with H(M)„ = H„(M), and with trivial differentials. 
When H(M) is finite, then M is said to be homologically finite. 

As shown for example in |Robj , when the complex M is homologically finite, then 
it has a minimal free resolution. Thus, there exists a quasi-isomorphism F ~ M, 
where is a bounded below complex 

,F^, F 1 ^ ••• 
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of finitely generated free modules, and where Ini(i„ C mF„_i. This resolution is 
unique up to isomorphism, and so for each integer n the rank of the free module f„ 
is a well defined invariant of AI . This is the nth Betti number (3n{M) of M , and the 
corresponding generating function X^^o Pn{M)t" is the Poincare series P{M, t) of 
M. The complexity of A/, denoted cxM, is defined as 

ex Af =^ inf{t e N U {0} | 3a e M such that /3„(M) < an*~^ for n > 0}. 

The complexity of a homologically finite complex is not necessarily finite. In fact, by 
a theorem of GuUiksen (cf. [Gul| ) . finiteness of the complexities of all homologically 
finite complexes in D{A) is equivalent to A being a complete intersection ring. 

Suppose that our complex M is homologically finite, with a minimal free res- 
olution F. Given a complex N e D{A), the complex Hom^(i^, iV) is denoted by 
RHomyi(A/, A^). Up to quasi-isomorphism, this complex is well defined, hence so 
is the cohomology group 

Ext;^(Af, N) =^ H_„ (RHomA(A'f, N)) 

for every integer n. The projective dimension of Af , denoted pd^ M, is defined as 

sup{n I Eyit\{M,k) ^ 0}, 

which is the same as the supremum of all integers n such that Fn is nonzero. Namely, 
since the complex F is minimal, the differentials in the complex Hom^(i^, fc) are 
trivial, and (3n{M) = dim^ Ext^(Af, fc) for all n. In particular, the projective 
dimension of M is finite if and only if its complexity is zero. 

The derived category D{A) is triangulated, the suspension functor E being the 
left shift of a complex. Given complexes M and N as above, for each n we may iden- 
tify the cohomology group Ext^(A/, TV) with Hom£i(^-)(Af, E" A^). For complexes 
X and Y in D{A), denote the graded A-module Ext^(X, Y) by Ext^(X, Y). 

Using composition of maps in D{A), the graded A-module Ext^(Ai^, M) becomes a 
ring, and Ext^(Af, A^) becomes a graded right Ext^(Ar, Af)-module. 

We end this section by recalling the notion of nearness in an arbitrary triangu- 
lated category T with a suspension functor E. A subcategory of T is thick if it is a 
full triangulated subcategory closed under direct summands. Now let C and T) be 
subcategories of T. We denote by thick^(C) the full subcategory of T consisting of 
all the direct summands of finite direct sums of shifts of objects in C. Furthermore, 
we denote by C * I? the full subcategory of T consisting of objects M such that 
there exists a distinguished triangle 

C ^ M D -^Y.C 

in T, with C € C and D G V. Now for each n > 2, define inductively thick^(C) 
to be thick^ (thick^"^(C) * thick^(C)), and denote UST^i ttiick^(C) by thickT(C). 
This is the smallest thick subcategory of T containing C. 

3. Complexes of finite CI-dimension 

Let A be a local ring. Recall that a quasi deformation of A is a diagram A — > 
R ^ Q oi local homomorphisms, in which A — > i? is faithfully flat, and R ^ Q 
is surjective with kernel generated by a regular sequence. A homologically finite 
complex M G F){A) has finite complete intersection dimension if there exists such 
a quasi deformation for which pdQ(i? (E>a M) is finite. From now on, we write 
"CI-dimension" instead of "complete intersection dimension" . 

The notion of CI-dimension was first introduced for modules in }AGP| . The 
terminology reflects the fact that a local ring is a complete intersection precisely 
when all its finitely generated modules have finite CI-dimension. The same holds 
if we replace "modules" with "homologically finite complexes" . 
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In order to prove the main result, we need the following lemma. It shows that 
finite Cl-dimension is preserved in thick subcategories. 

Lemma 3.1. Let A be a local ring, and let M G D{A) he a homologically finite 
complex of finite CI- dimension. Then every complex in thick^jj^-j (M) has finite 
Cl-dimension. 

Proof. Let A ^ i? <^ Q be a quasi-deformation of A such that pdQ(i? ®a M) is 
finite. We show by induction that for all n > 1, every complex X € thick^(^)(M) 
satisfies pdQ{R(E)AX) < oo. If X is a direct summand of finite direct sums of shifts 
of M, then this clearly holds. Therefore pdQ(i? X) is finite for all complexes 
X e thick^(^)(M). Next, suppose the claim holds for all 1, ... , n, and let X be a 
complex in thick2)(^)(M) * thick})(^-)(M). Then there exists a triangle 

Y ^ X ^ Z ^T.Y 

in D{A), where Y and Z are complexes in thick2)(^)(Af ) and thick]3(^)(Af), respec- 
tively. By induction, pdQ(i? (E)a Y) and pdQ(i? (E)a Z) are both finite, hence so is 
YidQ{R®AX). Since 

thick^+i)(Af) = thick^(^) (thick^(^)(M) *thick^(^)(M)) , 

the proof is complete. □ 

Next, we prove the main result; the thick subcategory generated by a complex 
of finite Cl-dimension contains complexes of all possible complexities. 

Theorem 3.2. Let A be a local ring, and let M G D{A) he a nonzero homologically 
finite complex of finite Cl-dimension. Then for every < < < cxAf , there exists a 
nonzero complex in thick£i(^) (A^) of complexity t. 

Proof. The proof is by induction on the complexity c of Af . If c = 0, then there 
is nothing to prove, so suppose that c is nonzero. We shall construct a nonzero 
complex in thick £)(^)(Af) of complexity c — 1. 

Let A — > i? <^ Q be a quasi-deformation of A such that pdQ(i? ®a M) is 
finite, and let Z_R(i?®A Af) be the graded i?-subalgebra of Ext^(i?(giA AT, i?®^ AT) 
generated by the central elements in degree two. By |AvS[ Corollary 5.1], the 
Zr{R ®a Af)-module Ext|j(i? ®a M, R (^a k) is Noetherian, where k is the residue 
field of A. Now let Za{M) be the graded A-subalgebra of Ext;!i(Af, M) generated by 
the central elements in degree two. Then by [AGP', Theorem 4.9], we may identify 
Zb.{R®aM) with R®aZa{M), and so by faithfully flat descent the ^^(Af )-module 
Ext^(A/", k) is Noetherian (see also |AvI[ Section 7]). 

By [BIKO', Lemma 2.5], there exists a positive degree element rj £ Za(M) with 
the property that scalar multiplication 

Ext^Af, k) Ext^^+I"! (Af, k) 

is injective for n ^ 0. This element corresponds to a map Af e'''' Af in D{A), 
and completing this map we obtain a triangle 

M^El''lAf-^fi:^SAf 

in thick (Af). Note that the object K is nonzero; if not, then Af would be 

isomorphic to e'**' Af , and this is impossible. The triangle induces a long exact 
sequence 

> ExtJ(fi:, k) ^ Ext;^"l''l(Af, k) izil^ Ext^A/f, k) Ext^+^f^, fc) • • • 
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in cohomology, hence for some integer no the equahty /3n+i{K) ~ /3„(Af)— /3„_|^| (M) 
holds for n > hq. The Poincare series of K is then given by 

oo 

P{K,t) = 5]/3„(if)t" 

no 

71—0 n— no + l 

no oo 

= £/3„(if)r+ (/3n-i(M)-/3„-|,|-i(M))r 

n— n— no + 1 

= 5(t) + t(l + i + • • ■ + - t)P{M, t), 

where g{t) is a polynomial in Z[t]. 

By jS-W[ Corollary 3.10(iv)], the Poincare series P{M, t) of M is rational, hence 
so is P{K, t). Therefore, the complexities of M and K equal the orders of the poles 
at t = 1 of P{M,t) and P{K,t), respectively. Consequently, the complexity of K 
is cxAf — 1. By Lemma the complex K, being an object in thick£)(^)(M), has 
finite CTdimension. By induction, for every < i < cxif, there exists a nonzero 
complex in thick ^(^^^^{K) of complexity t. This completes the proof. □ 

Using |DGIi 3.8], the following corollary follows immediately from Theorem 13.21 
It settles the question, raised in [DGIj , whether every nonzero homologically finite 
complex of finite Cl-dimension over a local ring is virtually small. 

Corollary 3.3. Let A be a local ring, and let M G D(A) be a nonzero homologically 
finite complex of finite Cl-dimension. Then 

thickc(^)(M) n thickc(^)(A) 

is nonzero. 

We also obtain the following criterion for a local ring to be Gorenstein. 

Corollary 3.4. Let A be a local ring, and suppose that for every homologically 
finite complex M G D{A) the thick subcategory thick£)(^)(M) contains a nonzero 
complex of finite Cl-dimension. Then A is Gorenstein. 

Proof. Follows immediately from CoroUarv 13.31 and |DGI[ Theorem 9.11]. □ 
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